Abstract. G. Burde proved (1990) that the SU 2 (C) representation space of two-bridge knot groups is one-dimensional. The same holds for all torus knot groups.
Introduction
Given a finitely generated group G we denote R(G, G) := { : G → G| is a homomorphism} where G ∈ {SL 2 (C), SU 2 (C)}. The space R(G, G) has the structure of a complex (resp. real) affine algebraic set if G = SL 2 (C) (resp. G = SU 2 (C)). We call two representations , : G → G equivalent ( ∼ ) iff they differ by an inner automorphism of G. Let A(G, G) := { ∈ R(G, G)| Im( ) is abelian}.
If G = SU 2 (C) we denote by (G) the space of conjugacy classes of non-abelian SU 2 (C) representations, i.e.
(G) := (R(G, SU 2 (C)) \ A(G, SU 2 (C)))/ ∼ .
For each ∈ R(G, SL 2 (C)) there is a character χ : G → C given by χ : g → tr (g). We have χ = χ if ∼ . The set X(G) of these characters is a complex affine algebraic set; its ambient coordinates are given by {χ(g i )} where χ ∈ X(G) is a character and {g i } ⊂ G is finite. Moreover, the map t : R(G, SL 2 (C)) → X(G) given by t : → χ is polynomial in the ambient coordinates (for details see [5] ).
Real points in X(G)
Because SU 2 (C) is a subgroup of SL 2 (C), there is an obvious map
which associates to each representation the corresponding character. This map induces an injectiont : (G) → X(G) (see [8] ).
If : G → SL 2 (C) is conjugate to a real representation, then χ : G → C is a real-valued function. The converse is true for irreducible representations:
Proof. Choose g ∈ G such that (g) = ±1. By [5, Lemma 1.5.1] there exists h ∈ G such that the restriction of to the subgroup generated by g and h is irreducible and such that χ (h) = ±2.
By conjugation we assume that (h) =
where λ + λ −1 ∈ R and λ = ±1.
Moreover, we have (g) = a b c d where a + d ∈ R and cb = 0.
Under the assumptions of the lemma we obtain
where µ ∈ C * . It is easy to see
By choosing µ 2 = b −1 we obtain ∼ where
with c = 0. But (g) ∈ SL 2 (C) and therefore c ∈ R. Now, let f ∈ G be given and assume (f ) = α β γ δ . Again, α + δ ∈ R and χ (f h) ∈ R which gives α, δ ∈ R. Consider
By use of χ (f g) ∈ R and χ (hf g) ∈ R we obtain αa + βc ∈ R and γ + dδ ∈ R.
As a result we get β ∈ R and γ ∈ R; remember a, d, c ∈ R and c = 0. Therefore,
. Again we have (g) = a b c d where cb = 0 and a + d ∈ R. Therefore, d =ā + h where h ∈ R. Moreover, χ (gh) = aλ + dλ = aλ +āλ +λh ∈ R and as a result we obtain h = 0 and d =ā (see [9] ).
Choose µ ∈ C * such that |µ
µ for all f ∈ G. We obtain:
and
where βγ = 0 and |β| = |γ|. The fact that (g) ∈ SL 2 (C) (βγ = 1 − aā) implies γ = −β or γ =β. Analogous to the case |χ (h)| > 2 it is easy to see that
and therefore is conjugate to a representation : G → SL 2 (R).
Again, let G ∈ {SL 2 (C), SU 2 (C)}, and let g be its Lie algebra. The Lie group G acts on itself by conjugation and the differential of that action at the unit element 1 ∈ G defines the adjoint representation Ad : G → Aut g. In other words, given A ∈ G we have a map c A :
Therefore, given a representation : G → G the Lie algebra turns into a Gmodule via Ad • , i.e. gX := Ad( (g))(X) for all g ∈ G and X ∈ g.
We denote by g the G-module g via Ad
)) be the coboundaries (resp. cocycles) (resp. first cohomology group) of G with coefficients in g .
Let T Zar (R(G, G)) be the scheme-theoretic Zariski tangent space to R(G, G) at a representation (see [8] and [10] ). Following A. Weil (see [11] ) T Zar (R(G, G)) is isomorphic to the space of group 1-cocycles, i.e.
denote the orbit of under the action of G. We obtain (see [11] )
) and therefore we can make the identification:
We denote by sl (resp. su) the Lie algebra of SL 2 (C) (resp. SU 2 (C)). In fact we obtain the complex 3-dimensional Lie algebra sl by tensoring the real 3-dimensional Lie algebra su with C, i.e. there is an isomorphism
Now, given : G → SU 2 (C) ⊂ SL 2 (C) the algebras su and sl turn into G-modules via and from (2) we obtain
Let k ⊂ S 3 be given and let G := π 1 (C) where C is the complement of a regular neighborhood of the knot k. Let :
non-singular point and it is contained in a onedimensional component of X(G).
Proof. Let X 0 , where dim C X 0 ≥ 1, be an algebraic component of X(G) which contains t( ). Using (1) and (3) we get
This results in 1 = dim C X 0 = dim T Zar t( ) (X(G)) and therefore t( ) ∈ X(G) is a regular point.
Let τ be the mapping that associates with every point x ∈ C N the point τ (x) with complex conjugate coordinates. Let C ∈ C N be a complex algebraic curve; we denote by C R the set of real points of C, i.e. C R := {x ∈ C|τ(x) = x}.
Lemma 3. Let C ⊂ C
N be an affine algebraic curve which is invariant under complex conjugation. Let x ∈ C R ⊂ C be a regular point of C. Then x has a neighborhood in C R which is diffeomorphic to R.
Proof. Let τ : C r → C r denote complex conjugation, where C r ⊂ C is the manifold of regular points of C. Then τ generates a smooth action of Z 2 on the manifold C r , of which x is a fixed point.
It is a standard result that x has an invariant neighborhood U on which this action is smoothly equivalent to the linear action of Z 2 on T x (C r ) generated by the derivative d x (τ ). (To prove this, one first chooses a Z 2 -invariant Riemannian metric and then uses the exponential map at x to relate the two Z 2 -actions.)
It remains only to verify that if L ⊂ C N (in our case, L = T x (C r )) is a onedimensional complex linear subspace invariant under τ , then the points on L which are fixed by τ consist precisely of a real line through the origin. We leave this easy exercise to the reader.
Let 0 : G → SU 2 (C) be a non-abelian representation. Assume that t( 0 ) ∈ X(G) is a regular point which is contained in a one-dimensional irreducible component X 0 of X(G). Since X(G) is defined over Q (see [4, 2.3] ) it is invariant under complex conjugation. Therefore, Lemma 3 implies that there is a smooth arc χ s : R → X 0 , s ∈ R, of characters such that χ 0 = t( 0 ) and χ s (G) ⊂ R for all s ∈ R. Moreover, there exists ε > 0 such that if |s| < ε, the character χ s corresponds to an irreducible representation. Now, let E ⊂ R(G, SL 2 (C)) be the set of all irreducible representations. The restriction t| E : E → t(E) ⊂ X(G) is a fiber bundle with fiber PSL 2 (C). Hence any map R → t(E) ⊂ X(G) can be lifted (since R is contractible).
This implies that there is a smooth arc s : G → SL 2 (C), s ∈ R, such that t( s ) = χ s for all s ∈ R. In order to get an arc s : G → SU 2 (C) we need the following lemma.
Lemma 4.
Let s : G → SL 2 (C), s ∈ R, be a smooth arc of representations such that 0 : G → SL 2 (R) (resp. SU 2 (C)) is irreducible and χ s (G) ⊂ R for all s ∈ R. Then there exists an ε > 0 and a smooth arc A s ∈ SL 2 (C) such that for each s,
As in the proof of Lemma 1 we choose g, h ∈ G such that 0 (g) = ±1, χ 0 (h) = ±2 and 0 restricted to the subgroup generated by g and h is irreducible. Each of the conditions above is an open condition, i.e. we can assume that there is an ε > 0 such that the s (g) = ±1, χ s (h) = ±2 and s restricted to the subgroup generated by g and h is irreducible.
For that reason, there is a smooth arc of matrices A s ∈ SL 2 (C) such that where λ s = ±1 and b s c s = 0 for every |s| < ε. By following the proof of Lemma 1 we can find a smooth arc s : G → SL 2 (R) (resp. SU 2 (C)) such that s ∼ s for all |s| < ε.
Proposition 1. Let G be a knot group and
Proof. By Lemma 2, t( 0 ) is a regular point of a one-dimensional component X 0 of X(G). Lemma 3 implies that there is a smooth arc of non-conjugate representations s : G → SL 2 (C) through 0 such that χ s (G) ⊂ R, and by Lemma 4 we may assume that s : G → SU 2 (C). Therefore, we get
Consequently there is neighborhood
Sot is a diffeomorphism from a neighborhood of [ 0 ] in (G) to a smooth real arc in X 0 .
Deforming binary dihedral representations
During this section it is more convenient to work with unit quaternions. Therefore, we identify SU 2 (C) with S 3 (see [8] ). The Lie algebra of S 3 is the set E of pure quaternions and S 3 acts via Ad, i.e. Ad(q)X = qXq −1 for q ∈ S 3 and X ∈ E. The binary dihedral group N ⊂ S 3 is given by N = S we obtain from (7) and (8) the following system of equations:
Let J(t) be the n × (n − 1) Jacobian obtained from the Wirtinger presentation (5) of G (see [3, Chapter 9] ). A presentation matrix A(t) for the Alexander module is obtained from any (n − 1) × (n − 1) minor of J(t). Equation (9) is equivalent to
This system of equations has only the solution x i = x ∈ R for all 1 ≤ i ≤ n because | det A(−1)| = |∆(−1)| is an odd integer. In order to solve the equations (10) and (11) we introduce the following complex notation: b j := y j + z j i; t : C → C, t : z →z and u i : C → C, u i : z → ζ 
